In this paper, the meshless local radial point interpolation (MLRPI) method is formulated to the generalized one-dimensional linear telegraph and heat diffusion equation with non-local boundary conditions. The MLRPI method is categorized under meshless methods in which any background integration cells are not required, so that all integrations are carried out locally over small quadrature domains of regular shapes, such as lines in one dimensions, circles or squares in two dimensions and spheres or cubes in three dimensions. A technique based on the radial point interpolation is adopted to construct shape functions, also called basis functions, using the radial basis functions. These shape functions have delta function property in the frame work of interpolation, therefore they convince us to impose boundary conditions directly. The time derivatives are approximated by the finite difference time--stepping method. We also apply Simpson's integration rule to treat the non-local boundary conditions. Convergency and stability of the MLRPI method are clarified by surveying some numerical experiments.
Introduction
The telegraph equation is one of the important equations of mathematical physics with applications to many different fields such as transmission and propagation of electrical signals (Gonzalez-Velasco, 1995; Jordan and Puri, 1999) , vibrational systems (Boyce and DiPrima, 1977) , random walk theory (Banasiak and Mika, 1998 ) and mechanical systems (Tikhonov and Samarskii, 1990) , etc. The heat diffusion and wave propagation equations are particular cases of the telegraph equation. Recently, increasing attention has been paid to the development, analysis and implementation of stable methods for numerical solutions of second-order hyperbolic equations. There have been many numerical methods for hyperbolic equations, such as the finite difference, the finite element, and the collocation methods, etc. (see Almenar et al., 1997; Ciment and Leventhal, 1978) and literatures therein.
On the other hand, many of natural phenomena in science and engineering have been modelled by non-local boundary value problems. In these non-local problems, some integral terms often appear in the boundary conditions. These types of problems constitute a special class of boundary value problems which widely appear in mathematical modelling of various processes of physics, heat transfer, ecology, thermoelasticity, chemistry, biology and industry.
According to the numerical results obtained, the present methods can be considered as practical and effective numerical techniques to solve telegraph equations with non-local boundary conditions.
Let Ω = [0, 1]. Consider the 1D linear telegraph equation
with the initial and non-local boundary conditions
where c, b and p are positive constants, γ 1 and γ 2 are constants and the functions f , ψ, µ 1 (t) and µ 2 (t) are assumed to be sufficiently smooth. Many partial differential equations are too complex to be solved by analytical methods. This caused mathematicians and engineers to come up with numerical methods such as the finite difference method (FDM) and the finite element method (FEM) to solve the equations. Although, these methods have been successfully applied to computational fluid dynamics problems, their accuracy depends critically on mesh quality and they have many difficulties in dealing with some complex problems. . These meshless methods do not require mesh for discretisation of the problem domain, and they construct approximate functions only via a set of nodes, so-called field nodes. In general, the meshless methods can be grouped into two categories. The first category is based on weak forms such as the element free Galerkin (EFG) method (Belytschko et al., 1995; Singh et al., 2007) , the second category is based on strong forms such as meshless methods based on the radial basis functions (RBFs) (Dehghan and Shokri, 2008; Kansa, 1990) . In addition, a meshless method based on combination of the strong and weak form has also been developed and is known as the meshless weak strong (MWS) form method. Due to the ill-conditioning of the resultant linear systems in the RBF-collocation method, various approaches are proposed to circumvent this problem (Libre et al., 2008; Ling and Schaback, 2008) , being among them. The weak forms are used to derive a set of algebraic equations through a numerical integration process using a set of quadrature domain that may be constructed globally or locally in the domain of the problem. In the global formulation, background cells are required for the integration of the weak form. Strictly speaking, these meshless methods are not truly meshless methods. But in methods based on the local weak form formulation, numerical integrations are carried out over a local quadrature domains, therefore, no cells are required. As a result, they are referred to as truly meshless methods such as the meshless local Petrov-Galerkin (MLPG) method (Atluri and Zhu, 1998; Dehghan and Mirzaei, 2008; Shirzadi, 2014; Shivanian, 2015b 
Approximation of field variables using the radial point interpolation method
Consider a continuous function u(x) defined in a domain Ω, which is represented by a set of field nodes. The u(x) at the point of interest x is approximated as follows
where R i (x) is thea radial basis function (RBF), n is the number of RBFs, p j (x) is the monomial in the 1-D space x and m is the number of the monomials. In the present work, we have applied thin plate spline (TPS) multiquadrics (MQ) as the radial basis functions in Eq. (2.1). In order to determine a i and b j in Eq. (2.1), a support domain is needed for the point of interest at x so that n field nodes are included in the support domain. Then, coefficients a i and b j in Eq. (2.1) can be determined by the following system of n linear equations
in which the vector U s is
moreover, R n and P m are the RBFs and polynomial moment matrices, respectively. On the other hand, Eq. (2.1) can be rewritten as
and then, by using that, we obtain
where Φ T (x) can be be introduced by
The first n functions of the above vector function are called the RPIM shape functions corresponding to the nodal displacements. We show them by the vector Φ T (x), so that it is
Finite differences approximation
The following finite difference approximations of the order O(∆t) 2 are used for time discretization
Also, we employ the following approximation using the Crank-Nicolson technique
where
Using the above approximations, Eq. (1.1) can be written as
Supposing the notations λ = 1/∆t 2 and µ = c/(2∆t), we obtain
(3.4)
The meshless local weak form formulation
Instead of setting the global weak form, the MLRPI method sets up the weak form over the local quadrature cell such as Ω q , which is a small region taken for each node in the global domain Ω.
The local quadrature cells overlap with each other and cover the whole global domain Ω. The local quadrature cells could be of any geometric shape and size. In one dimensional problems, they are lines (intervals). The local weak form of Eq. (3.4) for
where Ω i q is the local quadrature domain corresponding to the point i, and ν(x) is the Heaviside step function defined by (Hu et al., 2006; Liu et al., 2006) ν
as the test function in each local quadrature domain. Hence, we obtain
Using integration by parts, one obtains
Then, by applying the test function, the following local weak equation is obtained
Discretization in the MLRPI method
In this Section, we consider Eq. (4.5) to see how to obtain discrete equations. Consider N regularly located points on the boundary and domain of the problem, i.e. interval [0, 1], so that the distance between two consecutive nodes in each direction is constant and equal to h. Assuming that u(x i , k∆t), i = 1, 2, . . . , N are known, our aim is to compute u(x i , (k + 1)∆t), i = 1, 2, . . . , N . So, we have N unknowns and to compute these unknowns, we need N equations. To obtain the discrete equations from locally weak forms (4.5) for the nodes located in the interior of the domain, i.e., for x i ∈ interior Ω, we substitute approximation formulas (2.8) into local integral equations (4.5) to have
Numerical implementation of the MLRPI method
By using Simpson's integration rule for nodes which are located on the boundary, we have for all k 
Furthermore, to satisfy Eqs. (6.1), for both nodes belong to the boundary, i.e., {x 1 , x N }, we set
where A 1 and A N are the first and N -th rows of the matrix A, respectively. At the first time level, when n = 0, according to the initial conditions that are introduced in Eq. (1.2) , we apply the following assumptions
Numerical experiments
In this Section, two numerical expriments for application of the meshless local radial point interpolation method (MLRPI) in solving the one-dimensional linear telegraph equation with non-local boundary conditions are presented. In both examples, the domain integrals are evaluated with 3 points Gaussian quadrature rule. In these problems, the regular distributed nodal points are used. Also, in order to implement the meshless local weak form in these cases, the radius of the local quadrature domain r q = 0.8h is selected, where h is the distance between the nodes in the x direction (h = ∆x). The size of r q is such that the union of these sub-domains must cover the whole global domain. The radius of the support domain to the local radial point interpolation method is r s = 4r q . This size is significant enough to have a sufficient number of nodes (n) to give appropriate shape functions. Also, in Eq. (2.1), we set m = 5.
Example 1.
We set c = 20, b = 25 and p = 1. The exact solution of the first example is taken as u( Tables 1 and 2 as well as Fig. 1a show the results of the MLRPI method to solve Example 1 using TPS as the radial basis function. Also, Tables 3 and 4 as well as Fig. 1b illustrate the results of the current method to solve Example 1 using MQ as the radial basis function. As it is seen, the MLRPI method is of high accuracy. Furthermore, it is seen that the method is convergent with respect to the spatial and time variable using both TPS and MQ. Tables 5 and 6 as well as Fig. 2a show the results of the MLRPI method to solve Example 2 using TPS as the radial basis function. Besides, Tables 7 and 8 as well as Fig. 2b demonstrate the results of the present method to solve Example 2 using MQ as the radial basis function. As it is seen, the MLRPI method is of high accuracy. Moreover, we see that the convergence with respect to both the time step (∆t) and the number of nodal points (N ) are hold, no matter which kind of RBF we use. On the top of that, the MLRPI method can be used to solve complex engineering problems with lower computational cost, higher accuracy, simpler construction of higher-order shape functions and easier handling of large deformation problems. 
Conclusions
In the aforementioned discussion, we applied the meshless local radial point interpolation (MLRPI) method to solve the linear telegraph equation with non-local boundary conditions. The radial point interpolation method is adopted for approximating the field variable. Also the weak form of the discretized equations has been constructed on local subdomains. So, this method requires neither domain element nor background cells in either the interpolation or the intergration. It means this method is a truly meshless method. Furthermore, time discretization has been done using finite difference techniques. The principal benefit of the method is to capture the behavior of the solution for similar problems with non-local boundary conditions where most of schemes fail. Also, the MLRPI method can easily handle the damage of the components, such as fracture which is very useful to simulate material breakage. Finally, accuracy and usefulness of the proposed method are illustrated by two examples.
